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(Source: Esperanto-USA Retbutiko)



“Newer generations are not as patient, and they don’t have 
to be. Unlike most of their elders, who rarely had the 

chance to speak Esperanto, today’s speakers can use the 
language every day online.” 

“Learning Esperanto used to be a solitary quest. You could 
practise it by sitting for weeks with a book and a 

dictionary, figuring out the rules and memorising the 
words. But there was usually no professor to correct your 

mistakes or polish your pronunciation.”

— Jose Luis Penarredonda, BBC, 2018 



~800M satisfy three properties: 
- learning English 
- in a developing country 
- to gain more opportunity

(Source: British Council)

1,200,000,000
(~16% of the world’s population)

people learning a second language



Spanish French English German Swedish

Most popular language studied on Duolingo in each country



Human



“User attention is expensive”

Source: Ultimate App Icons Set Sketch Resource
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3,466 users who stayed 3,426 users who quit
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9-to-5 Prime time (~8pm)

Weekenders Arbitrary





“Learning” by Icon Pond (Flaticon) 
“Healthy Lifestyle” and “Employment” by Freepik (Flaticon)

12h 12h

~30%+ retention 
2x relearning

Source: (Mezza et al. 2016)
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Language



time (~1 month)

“Essential Collection” by Smashicons (Flaticon)

?

✓

?

✗

?

✓

? ? ?

✓

?

?

?

?✗ ✗



LongitudinalMultilingual

Language 
learning

Duolingo Second Language Acquisition 
Modeling (SLAM) Data





# user:D2inSf5+  countries:MX  days:1.793  client:web  session:lesson  format:reverse_translate  time:16
8rgJEAPw1001  She           PRON    Case=Nom|Gender=Fem|Number=Sing|Person=3|PronType=Prs|fPOS=PRON++PRP    nsubj        4  0
8rgJEAPw1002  is            VERB    Mood=Ind|Number=Sing|Person=3|Tense=Pres|VerbForm=Fin|fPOS=VERB++VBZ    cop          4  0
8rgJEAPw1003  my            PRON    Number=Sing|Person=1|Poss=Yes|PronType=Prs|fPOS=PRON++PRP$              nmod:poss    4  1
8rgJEAPw1004  mother        NOUN    Degree=Pos|fPOS=ADJ++JJ                                                 ROOT         0  1
8rgJEAPw1005  and           CONJ    fPOS=CONJ++CC                                                           cc           4  0
8rgJEAPw1006  he            PRON    Case=Nom|Gender=Masc|Number=Sing|Person=3|PronType=Prs|fPOS=PRON++PRP   nsubj        9  0
8rgJEAPw1007  is            VERB    Mood=Ind|Number=Sing|Person=3|Tense=Pres|VerbForm=Fin|fPOS=VERB++VBZ    cop          9  0
8rgJEAPw1008  my            PRON    Number=Sing|Person=1|Poss=Yes|PronType=Prs|fPOS=PRON++PRP$              nmod:poss    9  1
8rgJEAPw1009  father        NOUN    Number=Sing|fPOS=NOUN++NN                                               conj         4  1

# user:XEinXf5+ countries:CO days:2.678 client:web session:practice format:reverse_translate time:6
oMGsnnH/0101 When           ADV     PronType=Int|fPOS=ADV++WRB                                              advmod       4  1
oMGsnnH/0102 can            AUX     VerbForm=Fin|fPOS=AUX++MD                                               aux          4  0
oMGsnnH/0103 I              PRON    Case=Nom|Number=Sing|Person=1|PronType=Prs|fPOS=PRON++PRP               nsubj        4  1
oMGsnnH/0104 help           VERB    VerbForm=Inf|fPOS=VERB++VB                                              ROOT         0  0

# user:XEinXf5+ countries:CO days:5.707 client:android session:practice format:reverse_translate time:22
W+QU2fm70301 He             PRON    Case=Nom|Gender=Masc|Number=Sing|Person=3|PronType=Prs|fPOS=PRON++PRP   nsubj        3  0
W+QU2fm70302 's             AUX     Mood=Ind|Number=Sing|Person=3|Tense=Pres|VerbForm=Fin|fPOS=AUX++VBZ     aux          3  1
W+QU2fm70303 wearing        VERB    Tense=Pres|VerbForm=Part|fPOS=VERB++VBG                                 ROOT         0  0
W+QU2fm70304 two            NUM     NumType=Card|fPOS=NUM++CD                                               nummod       5  0
W+QU2fm70305 shirts         NOUN    Number=Plur|fPOS=NOUN++NNS                                              dobj         3  0



Users Tokens

TRAIN DEV TEST

English 2.6k 2.6M 387k 387k

Spanish 2.6k 2.0M 289k 289k

French 1.2k 927k 138k 136k

Overall 6.4k 5.5M 814k 804k



2018 Duolingo SLAM Shared Task

• Phrase 1 (8 weeks): TRAIN and DEV sets released 

• Phase 2 (10 days): TEST set released 

• Metrics: AUROC (Area Under ROC curve) + F1 

• 15 teams participated (11 submitted paper)



English Spanish French Average

Team RNN Ensemble Multitask AUC AUC AUC Rank

SanaLabs ✓ ✓ 0.861 0.838 0.857 1.0

singsound ✓ 0.861 0.835 0.854 1.7

NYU ✓ ✓ 0.859 0.835 0.854 2.3

TMU ✓ ✓ 0.848 0.824 0.839 4.3

CECL ✓ 0.846 0.818 0.843 4.7

Cambridge  ✓ 0.841 0.807 0.835 6.0

UCSD ✓ 0.829 0.803 0.823 7.0

LambdaLab ✓ 0.821 0.801 0.815 7.6

Grotoco 0.817 0.791 0.813 9.0

nihalnayak 0.821 0.790 0.811 9.0

jilljenn 0.815 0.788 0.809 10.7

SLAM_baseline 0.774 0.746 0.771 14.7

http://sharedtask.duolingo.com/papers/osika.slam18.pdf
http://sharedtask.duolingo.com/papers/xu.slam18.pdf
http://sharedtask.duolingo.com/papers/rich.slam18.pdf
http://sharedtask.duolingo.com/papers/kaneko.slam18.pdf
http://sharedtask.duolingo.com/papers/bestgen.slam18.pdf
http://sharedtask.duolingo.com/papers/yuan.slam18.pdf
http://sharedtask.duolingo.com/papers/tomoschuk.slam18.pdf
http://sharedtask.duolingo.com/papers/chen.slam18.pdf
http://sharedtask.duolingo.com/papers/klerke.slam18.pdf
http://sharedtask.duolingo.com/papers/nayak.slam18.pdf
http://sharedtask.duolingo.com/papers/vie.slam18.pdf
http://sharedtask.duolingo.com/papers/settles.slam18.pdf


#1. SanaLabs 
(Osika et al., 2018)

• Combination of GBDT (Gradient Boosted Decision 
Tree) and RNN (LSTM) 

• GBDT — good for tabular data 

• RNN — good for sequential data 

• Additional features (e.g., context, times seen)



#2. singsound 
(Xu et al., 2018)

She is my mother

Context Encoder (bi-LSTM)

Linguistic Feature Encoder (LSTM)

(FF)

(FF)

Logistic

user format 

0 1 0 0 



Shared Task Takeaways

• Choice of learning algorithm > feature engineering 

• Sequence models (RNN) 

• Tree ensembles (GBDT) 

• Multitask learning 

• Mostly beginners 

• vs more longitudinal, diverse user base



Learning



The 2 Sigma Problem

Achievement scores

Lecture

Tutoring

Mastery 
Learning

Source: (Bloom 1984)



A Tale of Two Bars 
(or, Duolingo’s answers to 
the two sigma problem)
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<latexit sha1_base64="/skBH+m2ZKtn+gYX4+I/TfGsIIg=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUlqa81CKLoRVxXsA9oYJtNpO+3kwcykUGLBjb/ixoUibv0Jd/6Nk7aCih64cDjnXu69xw0ZFdIwPrS5+YXFpeXUSnp1bX1jU9/arokg4phUccAC3nCRIIz6pCqpZKQRcoI8l5G6OzhP/PqQcEED/1qOQmJ7qOvTDsVIKsnRd1shD9pO3Ien0BzfXMIwi50+vIXDQ0fPGDmraFmlAkxIXiEhx8WSdQTNnDFBBsxQcfT3VjvAkUd8iRkSomkaobRjxCXFjIzTrUiQEOEB6pKmoj7yiLDjyQ9jeKCUNuwEXJUv4UT9PhEjT4iR56pOD8me+O0l4l9eM5KdEzumfhhJ4uPpok7EoAxgEghsU06wZCNFEOZU3QpxD3GEpYotrUL4+hT+T2r5nGnkzKtCpnw2iyMF9sA+yAITlEAZXIAKqAIM7sADeALP2r32qL1or9PWOW02swN+QHv7BAn7ln4=</latexit><latexit sha1_base64="/skBH+m2ZKtn+gYX4+I/TfGsIIg=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUlqa81CKLoRVxXsA9oYJtNpO+3kwcykUGLBjb/ixoUibv0Jd/6Nk7aCih64cDjnXu69xw0ZFdIwPrS5+YXFpeXUSnp1bX1jU9/arokg4phUccAC3nCRIIz6pCqpZKQRcoI8l5G6OzhP/PqQcEED/1qOQmJ7qOvTDsVIKsnRd1shD9pO3Ien0BzfXMIwi50+vIXDQ0fPGDmraFmlAkxIXiEhx8WSdQTNnDFBBsxQcfT3VjvAkUd8iRkSomkaobRjxCXFjIzTrUiQEOEB6pKmoj7yiLDjyQ9jeKCUNuwEXJUv4UT9PhEjT4iR56pOD8me+O0l4l9eM5KdEzumfhhJ4uPpok7EoAxgEghsU06wZCNFEOZU3QpxD3GEpYotrUL4+hT+T2r5nGnkzKtCpnw2iyMF9sA+yAITlEAZXIAKqAIM7sADeALP2r32qL1or9PWOW02swN+QHv7BAn7ln4=</latexit><latexit sha1_base64="/skBH+m2ZKtn+gYX4+I/TfGsIIg=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUlqa81CKLoRVxXsA9oYJtNpO+3kwcykUGLBjb/ixoUibv0Jd/6Nk7aCih64cDjnXu69xw0ZFdIwPrS5+YXFpeXUSnp1bX1jU9/arokg4phUccAC3nCRIIz6pCqpZKQRcoI8l5G6OzhP/PqQcEED/1qOQmJ7qOvTDsVIKsnRd1shD9pO3Ien0BzfXMIwi50+vIXDQ0fPGDmraFmlAkxIXiEhx8WSdQTNnDFBBsxQcfT3VjvAkUd8iRkSomkaobRjxCXFjIzTrUiQEOEB6pKmoj7yiLDjyQ9jeKCUNuwEXJUv4UT9PhEjT4iR56pOD8me+O0l4l9eM5KdEzumfhhJ4uPpok7EoAxgEghsU06wZCNFEOZU3QpxD3GEpYotrUL4+hT+T2r5nGnkzKtCpnw2iyMF9sA+yAITlEAZXIAKqAIM7sADeALP2r32qL1or9PWOW02swN+QHv7BAn7ln4=</latexit><latexit sha1_base64="/skBH+m2ZKtn+gYX4+I/TfGsIIg=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUlqa81CKLoRVxXsA9oYJtNpO+3kwcykUGLBjb/ixoUibv0Jd/6Nk7aCih64cDjnXu69xw0ZFdIwPrS5+YXFpeXUSnp1bX1jU9/arokg4phUccAC3nCRIIz6pCqpZKQRcoI8l5G6OzhP/PqQcEED/1qOQmJ7qOvTDsVIKsnRd1shD9pO3Ien0BzfXMIwi50+vIXDQ0fPGDmraFmlAkxIXiEhx8WSdQTNnDFBBsxQcfT3VjvAkUd8iRkSomkaobRjxCXFjIzTrUiQEOEB6pKmoj7yiLDjyQ9jeKCUNuwEXJUv4UT9PhEjT4iR56pOD8me+O0l4l9eM5KdEzumfhhJ4uPpok7EoAxgEghsU06wZCNFEOZU3QpxD3GEpYotrUL4+hT+T2r5nGnkzKtCpnw2iyMF9sA+yAITlEAZXIAKqAIM7sADeALP2r32qL1or9PWOW02swN+QHv7BAn7ln4=</latexit>



Source: (Streeter 2015) - Users learning es<-en on Duolingo, “una” on listen items
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p(L0)
<latexit sha1_base64="HvvuE9kE/xL0xwwIzQiLpj97nlk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL8tuiLq5Bbx48BDFPCBZwuxkNhkzO7vMzAoh5B+8eFDEq//jzb9x8kDUWNBQVHXT3RUknCntOJ9WZmV1bX0ju5nb2t7Z3cvvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQwvp37zgUrFYnGnRwn1I9wXLGQEayM1kuJ11znt5guOXamUvTMPGeKde24JubYzwzcpwAK1bv6j04tJGlGhCcdKtV0n0f4YS80Ip5NcJ1U0wWSI+7RtqMARVf54du0EnRilh8JYmhIazdSfE2McKTWKAtMZYT1Qf72p+J/XTnXo+WMmklRTQeaLwpQjHaPp66jHJCWajwzBRDJzKyIDLDHRJqCcCWHp5WXSKNmuY7s35UL1dhFHFo7gGIrgwgVU4QpqUAcC9/AIz/BixdaT9Wq9zVsz1mLmEH7Bev8C1XOOsA==</latexit><latexit sha1_base64="HvvuE9kE/xL0xwwIzQiLpj97nlk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL8tuiLq5Bbx48BDFPCBZwuxkNhkzO7vMzAoh5B+8eFDEq//jzb9x8kDUWNBQVHXT3RUknCntOJ9WZmV1bX0ju5nb2t7Z3cvvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQwvp37zgUrFYnGnRwn1I9wXLGQEayM1kuJ11znt5guOXamUvTMPGeKde24JubYzwzcpwAK1bv6j04tJGlGhCcdKtV0n0f4YS80Ip5NcJ1U0wWSI+7RtqMARVf54du0EnRilh8JYmhIazdSfE2McKTWKAtMZYT1Qf72p+J/XTnXo+WMmklRTQeaLwpQjHaPp66jHJCWajwzBRDJzKyIDLDHRJqCcCWHp5WXSKNmuY7s35UL1dhFHFo7gGIrgwgVU4QpqUAcC9/AIz/BixdaT9Wq9zVsz1mLmEH7Bev8C1XOOsA==</latexit><latexit sha1_base64="HvvuE9kE/xL0xwwIzQiLpj97nlk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL8tuiLq5Bbx48BDFPCBZwuxkNhkzO7vMzAoh5B+8eFDEq//jzb9x8kDUWNBQVHXT3RUknCntOJ9WZmV1bX0ju5nb2t7Z3cvvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQwvp37zgUrFYnGnRwn1I9wXLGQEayM1kuJ11znt5guOXamUvTMPGeKde24JubYzwzcpwAK1bv6j04tJGlGhCcdKtV0n0f4YS80Ip5NcJ1U0wWSI+7RtqMARVf54du0EnRilh8JYmhIazdSfE2McKTWKAtMZYT1Qf72p+J/XTnXo+WMmklRTQeaLwpQjHaPp66jHJCWajwzBRDJzKyIDLDHRJqCcCWHp5WXSKNmuY7s35UL1dhFHFo7gGIrgwgVU4QpqUAcC9/AIz/BixdaT9Wq9zVsz1mLmEH7Bev8C1XOOsA==</latexit><latexit sha1_base64="HvvuE9kE/xL0xwwIzQiLpj97nlk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL8tuiLq5Bbx48BDFPCBZwuxkNhkzO7vMzAoh5B+8eFDEq//jzb9x8kDUWNBQVHXT3RUknCntOJ9WZmV1bX0ju5nb2t7Z3cvvHzRUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQwvp37zgUrFYnGnRwn1I9wXLGQEayM1kuJ11znt5guOXamUvTMPGeKde24JubYzwzcpwAK1bv6j04tJGlGhCcdKtV0n0f4YS80Ip5NcJ1U0wWSI+7RtqMARVf54du0EnRilh8JYmhIazdSfE2McKTWKAtMZYT1Qf72p+J/XTnXo+WMmklRTQeaLwpQjHaPp66jHJCWajwzBRDJzKyIDLDHRJqCcCWHp5WXSKNmuY7s35UL1dhFHFo7gGIrgwgVU4QpqUAcC9/AIz/BixdaT9Wq9zVsz1mLmEH7Bev8C1XOOsA==</latexit>

p(T )
<latexit sha1_base64="sVdXqo6imNtaY5WMdV5Pox5IRdE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8OKxSr+gDWWz3bZLd5OwuxFK6F/w4kERr/4hb/4bN20RtT4YeLw3w8y8IOZMacf5tNbWNza3tnM7+d29/YPDwtFxS0WJJLRJIh7JToAV5SykTc00p51YUiwCTtvB5Cbz2w9UKhaFDT2NqS/wKGRDRrDOpLjUuOgXio5drVa8Sw8Z4l15bhm5tjPHNynCEvV+4aM3iEgiaKgJx0p1XSfWfoqlZoTTWb6XKBpjMsEj2jU0xIIqP53fOkPnRhmgYSRNhRrN1Z8TKRZKTUVgOgXWY/XXy8T/vG6ih56fsjBONA3JYtEw4UhHKHscDZikRPOpIZhIZm5FZIwlJtrEkzchrLy8Slpl23Vs965SrN0v48jBKZxBCVy4hhrcQh2aQGAMj/AML5awnqxX623RumYtZ07gF6z3L7xEjhU=</latexit><latexit sha1_base64="sVdXqo6imNtaY5WMdV5Pox5IRdE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8OKxSr+gDWWz3bZLd5OwuxFK6F/w4kERr/4hb/4bN20RtT4YeLw3w8y8IOZMacf5tNbWNza3tnM7+d29/YPDwtFxS0WJJLRJIh7JToAV5SykTc00p51YUiwCTtvB5Cbz2w9UKhaFDT2NqS/wKGRDRrDOpLjUuOgXio5drVa8Sw8Z4l15bhm5tjPHNynCEvV+4aM3iEgiaKgJx0p1XSfWfoqlZoTTWb6XKBpjMsEj2jU0xIIqP53fOkPnRhmgYSRNhRrN1Z8TKRZKTUVgOgXWY/XXy8T/vG6ih56fsjBONA3JYtEw4UhHKHscDZikRPOpIZhIZm5FZIwlJtrEkzchrLy8Slpl23Vs965SrN0v48jBKZxBCVy4hhrcQh2aQGAMj/AML5awnqxX623RumYtZ07gF6z3L7xEjhU=</latexit><latexit sha1_base64="sVdXqo6imNtaY5WMdV5Pox5IRdE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8OKxSr+gDWWz3bZLd5OwuxFK6F/w4kERr/4hb/4bN20RtT4YeLw3w8y8IOZMacf5tNbWNza3tnM7+d29/YPDwtFxS0WJJLRJIh7JToAV5SykTc00p51YUiwCTtvB5Cbz2w9UKhaFDT2NqS/wKGRDRrDOpLjUuOgXio5drVa8Sw8Z4l15bhm5tjPHNynCEvV+4aM3iEgiaKgJx0p1XSfWfoqlZoTTWb6XKBpjMsEj2jU0xIIqP53fOkPnRhmgYSRNhRrN1Z8TKRZKTUVgOgXWY/XXy8T/vG6ih56fsjBONA3JYtEw4UhHKHscDZikRPOpIZhIZm5FZIwlJtrEkzchrLy8Slpl23Vs965SrN0v48jBKZxBCVy4hhrcQh2aQGAMj/AML5awnqxX623RumYtZ07gF6z3L7xEjhU=</latexit><latexit sha1_base64="sVdXqo6imNtaY5WMdV5Pox5IRdE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8OKxSr+gDWWz3bZLd5OwuxFK6F/w4kERr/4hb/4bN20RtT4YeLw3w8y8IOZMacf5tNbWNza3tnM7+d29/YPDwtFxS0WJJLRJIh7JToAV5SykTc00p51YUiwCTtvB5Cbz2w9UKhaFDT2NqS/wKGRDRrDOpLjUuOgXio5drVa8Sw8Z4l15bhm5tjPHNynCEvV+4aM3iEgiaKgJx0p1XSfWfoqlZoTTWb6XKBpjMsEj2jU0xIIqP53fOkPnRhmgYSRNhRrN1Z8TKRZKTUVgOgXWY/XXy8T/vG6ih56fsjBONA3JYtEw4UhHKHscDZikRPOpIZhIZm5FZIwlJtrEkzchrLy8Slpl23Vs965SrN0v48jBKZxBCVy4hhrcQh2aQGAMj/AML5awnqxX623RumYtZ07gF6z3L7xEjhU=</latexit>

p(G)
<latexit sha1_base64="aQRs8RE7hkc7G5O5OFix68j/o2g=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8KDHKvYD2lA22027dLMJuxuhlP4FLx4U8eof8ua/cdMWUeuDgcd7M8zMCxLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWl67NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5WirW7RRw5OIYTKIELl1CDG6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Quog44I</latexit><latexit sha1_base64="aQRs8RE7hkc7G5O5OFix68j/o2g=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8KDHKvYD2lA22027dLMJuxuhlP4FLx4U8eof8ua/cdMWUeuDgcd7M8zMCxLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWl67NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5WirW7RRw5OIYTKIELl1CDG6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Quog44I</latexit><latexit sha1_base64="aQRs8RE7hkc7G5O5OFix68j/o2g=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8KDHKvYD2lA22027dLMJuxuhlP4FLx4U8eof8ua/cdMWUeuDgcd7M8zMCxLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWl67NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5WirW7RRw5OIYTKIELl1CDG6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Quog44I</latexit><latexit sha1_base64="aQRs8RE7hkc7G5O5OFix68j/o2g=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hK1fRW8KDHKvYD2lA22027dLMJuxuhlP4FLx4U8eof8ua/cdMWUeuDgcd7M8zMCxLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWl67NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5WirW7RRw5OIYTKIELl1CDG6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Quog44I</latexit>

p(S)
<latexit sha1_base64="/QYlehlSLrzgIa/qAfqyOCl9m1M=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqJiSlaroruHFZH31AG8pkOmmHTiZhZiKU0l9w40IRt/6QO//GSVtErQcuHM65l3vvCRLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWlu7NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5UirXbRRw5OIYTKIELl1CDa6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Qu6v44U</latexit><latexit sha1_base64="/QYlehlSLrzgIa/qAfqyOCl9m1M=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqJiSlaroruHFZH31AG8pkOmmHTiZhZiKU0l9w40IRt/6QO//GSVtErQcuHM65l3vvCRLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWlu7NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5UirXbRRw5OIYTKIELl1CDa6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Qu6v44U</latexit><latexit sha1_base64="/QYlehlSLrzgIa/qAfqyOCl9m1M=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqJiSlaroruHFZH31AG8pkOmmHTiZhZiKU0l9w40IRt/6QO//GSVtErQcuHM65l3vvCRLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWlu7NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5UirXbRRw5OIYTKIELl1CDa6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Qu6v44U</latexit><latexit sha1_base64="/QYlehlSLrzgIa/qAfqyOCl9m1M=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqJiSlaroruHFZH31AG8pkOmmHTiZhZiKU0l9w40IRt/6QO//GSVtErQcuHM65l3vvCRLOlHacT2tldW19YzO3ld/e2d3bLxwcNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjK4yv/VApWKxuNfjhPoRHggWMoJ1JiWlu7NeoejY1WrFO/eQId6F55aRazszfJMiLFDvFT66/ZikERWacKxUx3US7U+w1IxwOs13U0UTTEZ4QDuGChxR5U9mt07RqVH6KIylKaHRTP05McGRUuMoMJ0R1kP118vE/7xOqkPPnzCRpJoKMl8UphzpGGWPoz6TlGg+NgQTycytiAyxxESbePImhKWXl0mzbLuO7d5UirXbRRw5OIYTKIELl1CDa6hDAwgM4RGe4cWKrCfr1Xqbt65Yi5kj+AXr/Qu6v44U</latexit>

Bayesian Knowledge Tracing



Source: (Streeter 2015)



Item Response Theory (1PL)

Additive Factor Model 
[Cen et al. 2006]

Performance Factor Model 
[Pavlik et al. 2009]
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i
<latexit sha1_base64="4NBtypsWVjP9pWfTn299S3t+AHI=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHHZin1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QNR64ELh3Pu5d57goQzpR3n08qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fXMbz9QqVgs7vQkoX6Eh4KFjGBtpAbrF0uOXa1WvAsPGeJdem4ZubYzxzcpwRL1fvGjN4hJGlGhCcdKdV0n0X6GpWaE02mhlyqaYDLGQ9o1VOCIKj+bHzpFZ0YZoDCWpoRGc/XnRIYjpSZRYDojrEfqrzcT//O6qQ49P2MiSTUVZLEoTDnSMZp9jQZMUqL5xBBMJDO3IjLCEhNtsimYEFZeXiWtsu06ttuolGq3yzjycAKncA4uXEENbqAOTSBA4RGe4cW6t56sV+tt0ZqzljPH8AvW+xdG341L</latexit><latexit sha1_base64="4NBtypsWVjP9pWfTn299S3t+AHI=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHHZin1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QNR64ELh3Pu5d57goQzpR3n08qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fXMbz9QqVgs7vQkoX6Eh4KFjGBtpAbrF0uOXa1WvAsPGeJdem4ZubYzxzcpwRL1fvGjN4hJGlGhCcdKdV0n0X6GpWaE02mhlyqaYDLGQ9o1VOCIKj+bHzpFZ0YZoDCWpoRGc/XnRIYjpSZRYDojrEfqrzcT//O6qQ49P2MiSTUVZLEoTDnSMZp9jQZMUqL5xBBMJDO3IjLCEhNtsimYEFZeXiWtsu06ttuolGq3yzjycAKncA4uXEENbqAOTSBA4RGe4cW6t56sV+tt0ZqzljPH8AvW+xdG341L</latexit><latexit sha1_base64="4NBtypsWVjP9pWfTn299S3t+AHI=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHHZin1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QNR64ELh3Pu5d57goQzpR3n08qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fXMbz9QqVgs7vQkoX6Eh4KFjGBtpAbrF0uOXa1WvAsPGeJdem4ZubYzxzcpwRL1fvGjN4hJGlGhCcdKdV0n0X6GpWaE02mhlyqaYDLGQ9o1VOCIKj+bHzpFZ0YZoDCWpoRGc/XnRIYjpSZRYDojrEfqrzcT//O6qQ49P2MiSTUVZLEoTDnSMZp9jQZMUqL5xBBMJDO3IjLCEhNtsimYEFZeXiWtsu06ttuolGq3yzjycAKncA4uXEENbqAOTSBA4RGe4cW6t56sV+tt0ZqzljPH8AvW+xdG341L</latexit><latexit sha1_base64="4NBtypsWVjP9pWfTn299S3t+AHI=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHHZin1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QNR64ELh3Pu5d57goQzpR3n08qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fXMbz9QqVgs7vQkoX6Eh4KFjGBtpAbrF0uOXa1WvAsPGeJdem4ZubYzxzcpwRL1fvGjN4hJGlGhCcdKdV0n0X6GpWaE02mhlyqaYDLGQ9o1VOCIKj+bHzpFZ0YZoDCWpoRGc/XnRIYjpSZRYDojrEfqrzcT//O6qQ49P2MiSTUVZLEoTDnSMZp9jQZMUqL5xBBMJDO3IjLCEhNtsimYEFZeXiWtsu06ttuolGq3yzjycAKncA4uXEENbqAOTSBA4RGe4cW6t56sV+tt0ZqzljPH8AvW+xdG341L</latexit>

j
<latexit sha1_base64="9WtK5IMejcPD4RtXDwafONWFSl8=">AAAB6HicbVDLSsNAFJ34rPVVdelmsAiuQlKqpruCG5et2Ae0oUymN+20k0mYmQgl9AvcuFDErZ/kzr9x+kDUeuDC4Zx7ufeeIOFMacf5tNbWNza3tnM7+d29/YPDwtFxU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXjm5nfegCpWCzu9SQBPyIDwUJGiTZSfdQrFB27Uil7lx42xLvy3BJ2bWeOb1JES9R6hY9uP6ZpBEJTTpTquE6i/YxIzSiHab6bKkgIHZMBdAwVJALlZ/NDp/jcKH0cxtKU0Hiu/pzISKTUJApMZ0T0UP31ZuJ/XifVoednTCSpBkEXi8KUYx3j2de4zyRQzSeGECqZuRXTIZGEapNN3oSw8vIqaZZs17HderlYvVvGkUOn6AxdIBddoyq6RTXUQBQBekTP6MUaWU/Wq/W2aF2zljMn6Bes9y9IY41M</latexit><latexit sha1_base64="9WtK5IMejcPD4RtXDwafONWFSl8=">AAAB6HicbVDLSsNAFJ34rPVVdelmsAiuQlKqpruCG5et2Ae0oUymN+20k0mYmQgl9AvcuFDErZ/kzr9x+kDUeuDC4Zx7ufeeIOFMacf5tNbWNza3tnM7+d29/YPDwtFxU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXjm5nfegCpWCzu9SQBPyIDwUJGiTZSfdQrFB27Uil7lx42xLvy3BJ2bWeOb1JES9R6hY9uP6ZpBEJTTpTquE6i/YxIzSiHab6bKkgIHZMBdAwVJALlZ/NDp/jcKH0cxtKU0Hiu/pzISKTUJApMZ0T0UP31ZuJ/XifVoednTCSpBkEXi8KUYx3j2de4zyRQzSeGECqZuRXTIZGEapNN3oSw8vIqaZZs17HderlYvVvGkUOn6AxdIBddoyq6RTXUQBQBekTP6MUaWU/Wq/W2aF2zljMn6Bes9y9IY41M</latexit><latexit sha1_base64="9WtK5IMejcPD4RtXDwafONWFSl8=">AAAB6HicbVDLSsNAFJ34rPVVdelmsAiuQlKqpruCG5et2Ae0oUymN+20k0mYmQgl9AvcuFDErZ/kzr9x+kDUeuDC4Zx7ufeeIOFMacf5tNbWNza3tnM7+d29/YPDwtFxU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXjm5nfegCpWCzu9SQBPyIDwUJGiTZSfdQrFB27Uil7lx42xLvy3BJ2bWeOb1JES9R6hY9uP6ZpBEJTTpTquE6i/YxIzSiHab6bKkgIHZMBdAwVJALlZ/NDp/jcKH0cxtKU0Hiu/pzISKTUJApMZ0T0UP31ZuJ/XifVoednTCSpBkEXi8KUYx3j2de4zyRQzSeGECqZuRXTIZGEapNN3oSw8vIqaZZs17HderlYvVvGkUOn6AxdIBddoyq6RTXUQBQBekTP6MUaWU/Wq/W2aF2zljMn6Bes9y9IY41M</latexit><latexit sha1_base64="9WtK5IMejcPD4RtXDwafONWFSl8=">AAAB6HicbVDLSsNAFJ34rPVVdelmsAiuQlKqpruCG5et2Ae0oUymN+20k0mYmQgl9AvcuFDErZ/kzr9x+kDUeuDC4Zx7ufeeIOFMacf5tNbWNza3tnM7+d29/YPDwtFxU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXjm5nfegCpWCzu9SQBPyIDwUJGiTZSfdQrFB27Uil7lx42xLvy3BJ2bWeOb1JES9R6hY9uP6ZpBEJTTpTquE6i/YxIzSiHab6bKkgIHZMBdAwVJALlZ/NDp/jcKH0cxtKU0Hiu/pzISKTUJApMZ0T0UP31ZuJ/XifVoednTCSpBkEXi8KUYx3j2de4zyRQzSeGECqZuRXTIZGEapNN3oSw8vIqaZZs17HderlYvVvGkUOn6AxdIBddoyq6RTXUQBQBekTP6MUaWU/Wq/W2aF2zljMn6Bes9y9IY41M</latexit>

Tijt
<latexit sha1_base64="ESzc70aC96dUN2/U7q6Sdo+Tjls=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZpS9oQ5lMJ+3YySTMTIQS+hFuXCji1u9x5984fSBqPXDhcM693HtPkHCmtON8Wrm19Y3Nrfx2YWd3b/+geHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp757QcqFYtFQ08S6kd4KFjICNZGajf6GbvX036x5NjVasW78JAh3qXnlpFrO3N8kxIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/m5U3RmlAEKY2lKaDRXf05kOFJqEgWmM8J6pP56M/E/r5vq0PMzJpJUU0EWi8KUIx2j2e9owCQlmk8MwUQycysiIywx0Sahgglh5eVV0irbrmO7t5VS7W4ZRx5O4BTOwYUrqMEN1KEJBMbwCM/wYiXWk/VqvS1ac9Zy5hh+wXr/AgSGkBA=</latexit><latexit sha1_base64="ESzc70aC96dUN2/U7q6Sdo+Tjls=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZpS9oQ5lMJ+3YySTMTIQS+hFuXCji1u9x5984fSBqPXDhcM693HtPkHCmtON8Wrm19Y3Nrfx2YWd3b/+geHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp757QcqFYtFQ08S6kd4KFjICNZGajf6GbvX036x5NjVasW78JAh3qXnlpFrO3N8kxIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/m5U3RmlAEKY2lKaDRXf05kOFJqEgWmM8J6pP56M/E/r5vq0PMzJpJUU0EWi8KUIx2j2e9owCQlmk8MwUQycysiIywx0Sahgglh5eVV0irbrmO7t5VS7W4ZRx5O4BTOwYUrqMEN1KEJBMbwCM/wYiXWk/VqvS1ac9Zy5hh+wXr/AgSGkBA=</latexit><latexit sha1_base64="ESzc70aC96dUN2/U7q6Sdo+Tjls=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZpS9oQ5lMJ+3YySTMTIQS+hFuXCji1u9x5984fSBqPXDhcM693HtPkHCmtON8Wrm19Y3Nrfx2YWd3b/+geHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp757QcqFYtFQ08S6kd4KFjICNZGajf6GbvX036x5NjVasW78JAh3qXnlpFrO3N8kxIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/m5U3RmlAEKY2lKaDRXf05kOFJqEgWmM8J6pP56M/E/r5vq0PMzJpJUU0EWi8KUIx2j2e9owCQlmk8MwUQycysiIywx0Sahgglh5eVV0irbrmO7t5VS7W4ZRx5O4BTOwYUrqMEN1KEJBMbwCM/wYiXWk/VqvS1ac9Zy5hh+wXr/AgSGkBA=</latexit><latexit sha1_base64="ESzc70aC96dUN2/U7q6Sdo+Tjls=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZpS9oQ5lMJ+3YySTMTIQS+hFuXCji1u9x5984fSBqPXDhcM693HtPkHCmtON8Wrm19Y3Nrfx2YWd3b/+geHjUUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp757QcqFYtFQ08S6kd4KFjICNZGajf6GbvX036x5NjVasW78JAh3qXnlpFrO3N8kxIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/m5U3RmlAEKY2lKaDRXf05kOFJqEgWmM8J6pP56M/E/r5vq0PMzJpJUU0EWi8KUIx2j2e9owCQlmk8MwUQycysiIywx0Sahgglh5eVV0irbrmO7t5VS7W4ZRx5O4BTOwYUrqMEN1KEJBMbwCM/wYiXWk/VqvS1ac9Zy5hh+wXr/AgSGkBA=</latexit>

Sijt
<latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="kTmPOaJuRA9WB2GYwwOMr72qydA=">AAAB43icbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy4r2ge0Q8mkd9rYTGZI7ghl6I9w40IR/5M7/43pY6GtBwIf5yTk3hNlSlry/W9vY3Nre2e3tFferxwcHlWPKy2b5kZgU6QqNZ2IW1RSY5MkKexkBnkSKWxH49tZ3n5GY2WqH2mSYZjwoZaxFJyc1X7oF/KJpv1qza/7c7F1CJZQg6Ua/epXb5CKPEFNQnFru4GfUVhwQ1IonJZ7ucWMizEfYteh5gnasJiPO2XnzhmwODXuaGJz9/eLgifWTpLI3Uw4jexqNjP/y7o5xddhIXWWE2qx+CjOFaOUzXZnA2lQkJo44MJINysTI264INdQ2ZUQrK68Dq3LeuDXg3sfSnAKZ3ABAVzBDdxBA5ogYAwv8AbvXua9eh+Luja8ZW8n8Efe5w9aQY5Y</latexit><latexit sha1_base64="QfHopcyeS+Z17uzR9SQrju1QKkE=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuBpmio/pTnDjsqJ9QDuUTJppYzMPkjtCGfoj3LhQxP/kzn9j+kDUeiDwcU5C7j1BKoVGx/m0CmvrG5tbxe3STnl3b79yUG7pJFOMN1kiE9UJqOZSxLyJAiXvpIrTKJC8HYyvZ3n7kSstkvgeJyn3IzqMRSgYRWO17/q5eMBpv1J17Hr9zDv3iAHvwnNrxLWdub6hCks1+pWP3iBhWcRjZJJq3XWdFP2cKhRM8mmpl2meUjamQ941GNOIaz+fjzslJ8YZkDBR5sRI5u7PFzmNtJ5EgbkZURzpv9nM/C/rZhh6fi7iNEMes8VHYSYJJmS2OxkIxRnKiQHKlDCzEjaiijI0DZVMCSsrr0KrZruO7d46UIQjOIZTcOESruAGGtAEBmN4ghd4tVLr2Xpb1FWwlr0dwi9Z71/Jao6m</latexit><latexit sha1_base64="UO2Xufzm7slgYmQC7puBExmCW0I=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmaCy+QW8OIxLlkgGUJPp5O06VnorhHCkI/w4kERr36PN//GzoK4PSh4vFdFVb0gkUKj43xYuaXlldW1/HphY3Nre6e4u9fQcaoYr7NYxqoVUM2liHgdBUreShSnYSB5MxhdTP3mPVdaxNEtjhPuh3QQib5gFI3UvOlm4g4n3WLJsSuVE+/UI4Z4Z55bJq7tzPBFSrBArVt87/RiloY8Qiap1m3XSdDPqELBJJ8UOqnmCWUjOuBtQyMacu1ns3Mn5MgoPdKPlakIyUz9PpHRUOtxGJjOkOJQ//am4n9eO8W+52ciSlLkEZsv6qeSYEymv5OeUJyhHBtCmRLmVsKGVFGGJqGCCeHPy39Jo2y7ju1eOaXq9SKOPBzAIRyDC+dQhUuoQR0YjOABnuDZSqxH68V6nbfmrMXMPvyA9fYJAbyQCw==</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit><latexit sha1_base64="wSrxlBdqT8ZfMELRGRSffbyvzmw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlaroruHFZH31AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZtL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs97pSqt0s4sjDERzDKbhwATW4gjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvXwL8kA8=</latexit>

Fijt
<latexit sha1_base64="znkl7nWbG7nFku/k4JFP2dICKg8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlarorCOKyin1AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZVL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs96ZSqt0u4sjDERzDKbhwATW4hjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvX+7rkAI=</latexit><latexit sha1_base64="znkl7nWbG7nFku/k4JFP2dICKg8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlarorCOKyin1AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZVL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs96ZSqt0u4sjDERzDKbhwATW4hjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvX+7rkAI=</latexit><latexit sha1_base64="znkl7nWbG7nFku/k4JFP2dICKg8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlarorCOKyin1AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZVL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs96ZSqt0u4sjDERzDKbhwATW4hjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvX+7rkAI=</latexit><latexit sha1_base64="znkl7nWbG7nFku/k4JFP2dICKg8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgKiSlarorCOKyin1AG8pkOmnHTiZhZiKU0I9w40IRt36PO//G6QNR64ELh3Pu5d57goQzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUbz1QqVgs7vQ4oX6EB4KFjGBtpNZVL2P3etIrlhy7Wq14Zx4yxDv33DJybWeGb1KCBeq94ke3H5M0okITjpXquE6i/QxLzQink0I3VTTBZIQHtGOowBFVfjY7d4JOjNJHYSxNCY1m6s+JDEdKjaPAdEZYD9Vfbyr+53VSHXp+xkSSairIfFGYcqRjNP0d9ZmkRPOxIZhIZm5FZIglJtokVDAhLL28TJpl23Vs96ZSqt0u4sjDERzDKbhwATW4hjo0gMAIHuEZXqzEerJerbd5a85azBzCL1jvX+7rkAI=</latexit>

✓i + �j
<latexit sha1_base64="qHhY/a+iriGs1QejyC3oP+QrN80=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiCEJIStV0V3Djsoq9QBvCZDppx04uzJyIpfRV3LhQxK0v4s63cXpB1PrDwMd/zuGc+YNUcAW2/WnkVlbX1jfym4Wt7Z3dPXO/2FRJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGF5O6617JhVP4lsYpcyLSD/mIacEtOWbxS4MGBCf41PcDaZ055sl26pWK+6ZizW4565Txo5lz/QNJbRQ3Tc/ur2EZhGLgQqiVMexU/DGRAKngk0K3UyxlNAh6bOOxphETHnj2e0TfKydHg4TqV8MeOb+nBiTSKlRFOjOiMBA/a1Nzf9qnQxC1xvzOM2AxXS+KMwEhgRPg8A9LhkFMdJAqOT6VkwHRBIKOq6CDmHpy8vQLFuObTnXlVLtZhFHHh2iI3SCHHSBaugK1VEDUfSAHtEzejEmxpPxarzNW3PGYuYA/ZLx/gV+YZQj</latexit><latexit sha1_base64="qHhY/a+iriGs1QejyC3oP+QrN80=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiCEJIStV0V3Djsoq9QBvCZDppx04uzJyIpfRV3LhQxK0v4s63cXpB1PrDwMd/zuGc+YNUcAW2/WnkVlbX1jfym4Wt7Z3dPXO/2FRJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGF5O6617JhVP4lsYpcyLSD/mIacEtOWbxS4MGBCf41PcDaZ055sl26pWK+6ZizW4565Txo5lz/QNJbRQ3Tc/ur2EZhGLgQqiVMexU/DGRAKngk0K3UyxlNAh6bOOxphETHnj2e0TfKydHg4TqV8MeOb+nBiTSKlRFOjOiMBA/a1Nzf9qnQxC1xvzOM2AxXS+KMwEhgRPg8A9LhkFMdJAqOT6VkwHRBIKOq6CDmHpy8vQLFuObTnXlVLtZhFHHh2iI3SCHHSBaugK1VEDUfSAHtEzejEmxpPxarzNW3PGYuYA/ZLx/gV+YZQj</latexit><latexit sha1_base64="qHhY/a+iriGs1QejyC3oP+QrN80=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiCEJIStV0V3Djsoq9QBvCZDppx04uzJyIpfRV3LhQxK0v4s63cXpB1PrDwMd/zuGc+YNUcAW2/WnkVlbX1jfym4Wt7Z3dPXO/2FRJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGF5O6617JhVP4lsYpcyLSD/mIacEtOWbxS4MGBCf41PcDaZ055sl26pWK+6ZizW4565Txo5lz/QNJbRQ3Tc/ur2EZhGLgQqiVMexU/DGRAKngk0K3UyxlNAh6bOOxphETHnj2e0TfKydHg4TqV8MeOb+nBiTSKlRFOjOiMBA/a1Nzf9qnQxC1xvzOM2AxXS+KMwEhgRPg8A9LhkFMdJAqOT6VkwHRBIKOq6CDmHpy8vQLFuObTnXlVLtZhFHHh2iI3SCHHSBaugK1VEDUfSAHtEzejEmxpPxarzNW3PGYuYA/ZLx/gV+YZQj</latexit><latexit sha1_base64="qHhY/a+iriGs1QejyC3oP+QrN80=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiCEJIStV0V3Djsoq9QBvCZDppx04uzJyIpfRV3LhQxK0v4s63cXpB1PrDwMd/zuGc+YNUcAW2/WnkVlbX1jfym4Wt7Z3dPXO/2FRJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGF5O6617JhVP4lsYpcyLSD/mIacEtOWbxS4MGBCf41PcDaZ055sl26pWK+6ZizW4565Txo5lz/QNJbRQ3Tc/ur2EZhGLgQqiVMexU/DGRAKngk0K3UyxlNAh6bOOxphETHnj2e0TfKydHg4TqV8MeOb+nBiTSKlRFOjOiMBA/a1Nzf9qnQxC1xvzOM2AxXS+KMwEhgRPg8A9LhkFMdJAqOT6VkwHRBIKOq6CDmHpy8vQLFuObTnXlVLtZhFHHh2iI3SCHHSBaugK1VEDUfSAHtEzejEmxpPxarzNW3PGYuYA/ZLx/gV+YZQj</latexit>

✓i + �j + �jTijt
<latexit sha1_base64="RKb8VkqbBxodPb+bf1ZeDkPRJNA=">AAACDXicbZDLSgMxFIYzXmu9VV26CVZBEMqMVJ3uCm5cVukN2jJk0rRNTWaG5IxQhr6AG1/FjQtF3Lp359uYaYuo9YfAx3/O4eT8fiS4Btv+tBYWl5ZXVjNr2fWNza3t3M5uXYexoqxGQxGqpk80EzxgNeAgWDNSjEhfsIZ/e5nWG3dMaR4GVRhFrCNJP+A9TgkYy8sdtmHAgHgcn+C2n9IwpT6R0mDVS/gQxl4ubxdKpaJ75mID7rnrnGKnYE/0DXk0U8XLfbS7IY0lC4AKonXLsSPoJEQBp4KNs+1Ys4jQW9JnLYMBkUx3ksk1Y3xknC7uhcq8APDE/TmREKn1SPqmUxIY6L+11Pyv1oqh53YSHkQxsIBOF/VigSHEaTS4yxWjIEYGCFXc/BXTAVGEggkwa0KYO3ke6qcFxy4418V8+WYWRwbtowN0jBx0gcroClVQDVF0jx7RM3qxHqwn69V6m7YuWLOZPfRL1vsXoambXA==</latexit><latexit sha1_base64="RKb8VkqbBxodPb+bf1ZeDkPRJNA=">AAACDXicbZDLSgMxFIYzXmu9VV26CVZBEMqMVJ3uCm5cVukN2jJk0rRNTWaG5IxQhr6AG1/FjQtF3Lp359uYaYuo9YfAx3/O4eT8fiS4Btv+tBYWl5ZXVjNr2fWNza3t3M5uXYexoqxGQxGqpk80EzxgNeAgWDNSjEhfsIZ/e5nWG3dMaR4GVRhFrCNJP+A9TgkYy8sdtmHAgHgcn+C2n9IwpT6R0mDVS/gQxl4ubxdKpaJ75mID7rnrnGKnYE/0DXk0U8XLfbS7IY0lC4AKonXLsSPoJEQBp4KNs+1Ys4jQW9JnLYMBkUx3ksk1Y3xknC7uhcq8APDE/TmREKn1SPqmUxIY6L+11Pyv1oqh53YSHkQxsIBOF/VigSHEaTS4yxWjIEYGCFXc/BXTAVGEggkwa0KYO3ke6qcFxy4418V8+WYWRwbtowN0jBx0gcroClVQDVF0jx7RM3qxHqwn69V6m7YuWLOZPfRL1vsXoambXA==</latexit><latexit sha1_base64="RKb8VkqbBxodPb+bf1ZeDkPRJNA=">AAACDXicbZDLSgMxFIYzXmu9VV26CVZBEMqMVJ3uCm5cVukN2jJk0rRNTWaG5IxQhr6AG1/FjQtF3Lp359uYaYuo9YfAx3/O4eT8fiS4Btv+tBYWl5ZXVjNr2fWNza3t3M5uXYexoqxGQxGqpk80EzxgNeAgWDNSjEhfsIZ/e5nWG3dMaR4GVRhFrCNJP+A9TgkYy8sdtmHAgHgcn+C2n9IwpT6R0mDVS/gQxl4ubxdKpaJ75mID7rnrnGKnYE/0DXk0U8XLfbS7IY0lC4AKonXLsSPoJEQBp4KNs+1Ys4jQW9JnLYMBkUx3ksk1Y3xknC7uhcq8APDE/TmREKn1SPqmUxIY6L+11Pyv1oqh53YSHkQxsIBOF/VigSHEaTS4yxWjIEYGCFXc/BXTAVGEggkwa0KYO3ke6qcFxy4418V8+WYWRwbtowN0jBx0gcroClVQDVF0jx7RM3qxHqwn69V6m7YuWLOZPfRL1vsXoambXA==</latexit><latexit sha1_base64="RKb8VkqbBxodPb+bf1ZeDkPRJNA=">AAACDXicbZDLSgMxFIYzXmu9VV26CVZBEMqMVJ3uCm5cVukN2jJk0rRNTWaG5IxQhr6AG1/FjQtF3Lp359uYaYuo9YfAx3/O4eT8fiS4Btv+tBYWl5ZXVjNr2fWNza3t3M5uXYexoqxGQxGqpk80EzxgNeAgWDNSjEhfsIZ/e5nWG3dMaR4GVRhFrCNJP+A9TgkYy8sdtmHAgHgcn+C2n9IwpT6R0mDVS/gQxl4ubxdKpaJ75mID7rnrnGKnYE/0DXk0U8XLfbS7IY0lC4AKonXLsSPoJEQBp4KNs+1Ys4jQW9JnLYMBkUx3ksk1Y3xknC7uhcq8APDE/TmREKn1SPqmUxIY6L+11Pyv1oqh53YSHkQxsIBOF/VigSHEaTS4yxWjIEYGCFXc/BXTAVGEggkwa0KYO3ke6qcFxy4418V8+WYWRwbtowN0jBx0gcroClVQDVF0jx7RM3qxHqwn69V6m7YuWLOZPfRL1vsXoambXA==</latexit>
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B(�(�i,j,t · �k), vt)
<latexit sha1_base64="uqojIFQS9UjK1rqlO44BDZOUMq4="></latexit><latexit sha1_base64="uqojIFQS9UjK1rqlO44BDZOUMq4="></latexit><latexit sha1_base64="uqojIFQS9UjK1rqlO44BDZOUMq4="></latexit><latexit sha1_base64="uqojIFQS9UjK1rqlO44BDZOUMq4="></latexit>

✓i + �j + ↵jSijt + ⇢jFijt
<latexit sha1_base64="EMo9RB9MiJSONGDXrV7eFqdxOF0="></latexit><latexit sha1_base64="EMo9RB9MiJSONGDXrV7eFqdxOF0="></latexit><latexit sha1_base64="EMo9RB9MiJSONGDXrV7eFqdxOF0="></latexit><latexit sha1_base64="EMo9RB9MiJSONGDXrV7eFqdxOF0="></latexit>



Method
Training log loss Test log loss

Training AUC 
loss Test AUC loss

Knowledge Tracing 0.3429 0.3441 0.3406 0.3460

Performance Factors Analysis 0.3248 0.3285 0.2774 0.2865

Additive Factor Model 0.2869 0.3250 0.1629 0.2789

AFM Mixture (3 components) 0.2818 0.3220 0.1598 0.2760
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Forgetting Curve

the probability p of a correct 
answer as a function of: 

• time Δ since it last practice 

• halflife h in user’s memory

(Ebbinghaus, 1885; Pimsleur, 1967; Leitner, 1972)



The Leitner System
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✓ h = 2x��x 
<latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="WLoFKEXLmvS+KoK0JULHib4JKGU=">AAAB+nicbZDNSgMxFIXv+Ftr1dGtLoJFcGOZ6UY3guDGZQX7A+04ZNJMG5pkhiQjlqEbN76KGxeK+CDufBszbRfaeiDwcU7CzT1Rypk2nvftrKyurW9slrbK25Wd3T13v9LSSaYIbZKEJ6oTYU05k7RpmOG0kyqKRcRpOxpdF3n7gSrNEnlnxikNBB5IFjOCjbVC92iILlH9Pn8Me0nKM43OUIGCyUxPQrfq1byp0DL4c6jCXI3Q/er1E5IJKg3hWOuu76UmyLEyjHA6KfcyTVNMRnhAuxYlFlQH+XSLCTqxTh/FibJHGjR1f7/IsdB6LCJ7U2Az1ItZYf6XdTMTXwQ5k2lmqCSzQXHGkUlQUQnqM0WJ4WMLmChm/4rIECtMjC2ubEvwF1dehla95ns1/9aDEhzCMZyCD+dwBTfQgCYQeIIXeIN359l5dT5mda04894O4I+czx/FPZZh</latexit><latexit sha1_base64="T85bulp7gWUjQlsEmnJwmdsoKlg=">AAAB+nicdZBLSwMxFIXv1FetVUe3uggWwY1lphTbLgTBjcsK9gHtWDJp2oZmMkOSEcvQjRv/ihsXivhD3PlvzPQBKnog8HFOws09fsSZ0o7zaWVWVtfWN7Kbua389s6uvZdvqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfX6Z5645KxUJxoycR9QI8FGzACNbG6tmHI3SOSrfJfa8bRjxW6BSlGDARq2nPLjjFWq1UrZTRHMpLOHORW3RmKsBC9Z790e2HJA6o0IRjpTquE2kvwVIzwuk0140VjTAZ4yHtGBQ4oMpLZltM0bFx+mgQSnOERjP3+4sEB0pNAt/cDLAeqd9Zav6VdWI9qHoJE1GsqSDzQYOYIx2itBLUZ5ISzScGMJHM/BWREZaYaFNczpSw3BT9D81S0XWK7rUDWTiAIzgBFypwAVdQhwYQeIAneIFX69F6tt7mdWWsRW/78EPW+xdgHJbP</latexit><latexit sha1_base64="Xtr8lRAvwAdzdLdZHsoQAvofEok=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7myC7X6PI4cOATH4BQ4oAxqoA4aoAkwuAeP4Bm8GA/Gk/FqvM1al4z5zAH4IeP9C+v7mEE=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit><latexit sha1_base64="4XVQkWeCM6mTX0dvq1Oqw9BOWa0=">AAACBXicdZDLSsNAFIYnXmu9RV3qYrAIbgxJKbZdCAU3XVawF2hjmEwn7dDJJMxMxBK6ceOruHGhiFvfwZ1v46QXUNEfBj7+cw5nzu/HjEpl25/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Y8us3r7lghJI36txjFxQzTgNKAYKW155tEQXsDiTXrn9aKYJRKewQxDyhM58cyCbVWrxUq5BGdQWsC5Ax3LnqoA5mp45kevH+EkJFxhhqTsOnas3BQJRTEjk3wvkSRGeIQGpKuRo5BIN51eMYEn2unDIBL6cQWn7veJFIVSjkNfd4ZIDeXvWmb+VesmKqi4KeVxogjHs0VBwqCKYBYJ7FNBsGJjDQgLqv8K8RAJhJUOLq9DWFwK/4dW0XJsy7kqFWr1eRw5cAiOwSlwQBnUQB00QBNgcA8ewTN4MR6MJ+PVeJu1LhnzmQPwQ8b7F+07mEU=</latexit>

h = 2⇥·x
<latexit sha1_base64="gA61xeUUPmI+gWeUeppvuOH0rA8=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E3BJMchICXHCPkBUkMs5PZ7JDZ2WWmVwxrDv6KFw+KePU3vPk3Tl6gogUNRVU33V1uJLgG2/60VlbX1jc2U1vp7Z3dvf3MwWFTh7GirEFDEaq2SzQTXLIGcBCsHSlGAlewlju6mvqtW6Y0D2UdxhHrBWQouccpASP1M8c+vsT5m6Rb9xkQ3KWDEPDdpJ/J2rlyOV8qFvCcFJbkwsFOzp4hixao9TMf3UFI44BJoIJo3XHsCHoJUcCpYJN0N9YsInREhqxjqCQB071kdv8EnxllgL1QmZKAZ+r3iYQEWo8D13QGBHz925uKf3mdGLxSL+EyioFJOl/kxQJDiKdh4AFXjIIYG0Ko4uZWTH2iCAUTWdqEsPwU/0+a+Zxj55zrQrZSXcSRQifoFJ0jBxVRBVVRDTUQRffoET2jF+vBerJerbd564q1mDlCP2C9fwH1MJV4</latexit><latexit sha1_base64="gA61xeUUPmI+gWeUeppvuOH0rA8=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E3BJMchICXHCPkBUkMs5PZ7JDZ2WWmVwxrDv6KFw+KePU3vPk3Tl6gogUNRVU33V1uJLgG2/60VlbX1jc2U1vp7Z3dvf3MwWFTh7GirEFDEaq2SzQTXLIGcBCsHSlGAlewlju6mvqtW6Y0D2UdxhHrBWQouccpASP1M8c+vsT5m6Rb9xkQ3KWDEPDdpJ/J2rlyOV8qFvCcFJbkwsFOzp4hixao9TMf3UFI44BJoIJo3XHsCHoJUcCpYJN0N9YsInREhqxjqCQB071kdv8EnxllgL1QmZKAZ+r3iYQEWo8D13QGBHz925uKf3mdGLxSL+EyioFJOl/kxQJDiKdh4AFXjIIYG0Ko4uZWTH2iCAUTWdqEsPwU/0+a+Zxj55zrQrZSXcSRQifoFJ0jBxVRBVVRDTUQRffoET2jF+vBerJerbd564q1mDlCP2C9fwH1MJV4</latexit><latexit sha1_base64="gA61xeUUPmI+gWeUeppvuOH0rA8=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E3BJMchICXHCPkBUkMs5PZ7JDZ2WWmVwxrDv6KFw+KePU3vPk3Tl6gogUNRVU33V1uJLgG2/60VlbX1jc2U1vp7Z3dvf3MwWFTh7GirEFDEaq2SzQTXLIGcBCsHSlGAlewlju6mvqtW6Y0D2UdxhHrBWQouccpASP1M8c+vsT5m6Rb9xkQ3KWDEPDdpJ/J2rlyOV8qFvCcFJbkwsFOzp4hixao9TMf3UFI44BJoIJo3XHsCHoJUcCpYJN0N9YsInREhqxjqCQB071kdv8EnxllgL1QmZKAZ+r3iYQEWo8D13QGBHz925uKf3mdGLxSL+EyioFJOl/kxQJDiKdh4AFXjIIYG0Ko4uZWTH2iCAUTWdqEsPwU/0+a+Zxj55zrQrZSXcSRQifoFJ0jBxVRBVVRDTUQRffoET2jF+vBerJerbd564q1mDlCP2C9fwH1MJV4</latexit><latexit sha1_base64="gA61xeUUPmI+gWeUeppvuOH0rA8=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E3BJMchICXHCPkBUkMs5PZ7JDZ2WWmVwxrDv6KFw+KePU3vPk3Tl6gogUNRVU33V1uJLgG2/60VlbX1jc2U1vp7Z3dvf3MwWFTh7GirEFDEaq2SzQTXLIGcBCsHSlGAlewlju6mvqtW6Y0D2UdxhHrBWQouccpASP1M8c+vsT5m6Rb9xkQ3KWDEPDdpJ/J2rlyOV8qFvCcFJbkwsFOzp4hixao9TMf3UFI44BJoIJo3XHsCHoJUcCpYJN0N9YsInREhqxjqCQB071kdv8EnxllgL1QmZKAZ+r3iYQEWo8D13QGBHz925uKf3mdGLxSL+EyioFJOl/kxQJDiKdh4AFXjIIYG0Ko4uZWTH2iCAUTWdqEsPwU/0+a+Zxj55zrQrZSXcSRQifoFJ0jBxVRBVVRDTUQRffoET2jF+vBerJerbd564q1mDlCP2C9fwH1MJV4</latexit>

(Leitner, 1972)



Half-life Regression (HLR)
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Results: User Experiment

OLD NEW

(6 weeks; 3.6M subjects) 

all students  
who returned the next day: 

+1.7% (p<0.001)

(ca. April 2013)







Thanks! 
http://masatohagiwara.net/its2018.html

… and we’re hiring!


